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Before Proceeding




Q

Can a learning algorithm converge to a welfare-improving
Correlated Equilibrium (WICE)?

» Introduction of messages to learning (information design)

» Analytical results: stability, fixed-points, relation to quantal
equilibrium

» Simulation results: positive convergence to WICE
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Interpretations of Learning

1. Boundedly rational model - Epistemological conditions for NE
(Aumann and Brandenburger, 1995)

2. Algorithm self-play
3. How to play against an algorithm?
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Learning Generates Equilibrium?

Can bounded rational agents/Al/algorithms achieve equilibrium?
» Mixed results: no uncoupled learning algorithm that guarantee
NE in all games (Hart and Mas-Colell, 2003) but empirical
distributions of play converge to the set of CCE of the game
(Hart and Mas-Colell, 2000; Foster and Vohra, 1997)

> “Game theory is somewhat unusual in having the notion of an
equilibrium without associated dynamics that give rise to the
equilibrium” (Shoham et al., 2007)

> Strategic decision-making with possibly non-human subjects
can have unexpected outcomes (Calvano et al., 2020)
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Motivation

The Gaps

P.1 Which equilibrium does it converges to? (Canyakmaz et al.,
2024; Borowski et al., 2019)

P.2 How to explain failure of CE? (Cason and Sharma, 2007;
Friedman et al., 2022)

P.3 Convergence guarantees are on distribution of play, not on
actual play (Borowski et al., 2019)
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Similar Papers
The Assumption vs Result Gap

» Correlated Q-learning (forward-looking) can converge to
correlated equilibria but requires state-dependent payoffs
(Greenwald et al., 2003)

P> Requires a complicated algorithm that alternates between
exploration and exploitation (Borowski et al., 2019; Marden,
2017)

» Induce learning by varying the utilities in each stage game
(Canyakmaz et al., 2024; Zhang et al., 2024)
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Continuous-time limit

Model
Primitives
Continuous-time limit
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Continuous-time limit

Correlated Equilibrium
» Game with Messages I' = (N, (A)i, (Mi)i, (ui)i,)
» Message distribution n ~ A(M), set of messages M = x;M,;
> Mixed action x} : M; — A(A;), utility u; : (A;); = R
» Expected utility of action a; € A; given message m; € M; as:

u; (ajlm;) = Z Z ui(aj, a_;)x;f_i(m_;)n(m_;]m;). (1)

a_j m_j

> Correlated equilibrium: (x}.(m;))a; m;i and message
distribution , 7 such that Vi € N,Va;,a; € A;,Vm; € M;:

n(mi)x, (mi)uj (aj | mi) — uj(a; | mi)] >0
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Continuous-time limit

Hedge

Attraction player i/ has towards action a; at time t: Q;,

t
b — exp(fQs) (softmax)

X;.
% ZafeA,- exp(B Q;;)

Q”rl (1—a)Q: + ui(aj,a";) (attraction update)

a € [0,1] Memory-loss
[ € [0,00) Choice intensity
» Full feedback
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Primitives

Algorithm with Messages

exp(BQS, (m))
t(m;) = S ea; oxp(BQ (m)"

if mf = m;
(softmax)
0, otherwise

QHl(m-) _ (1- Oz)Q;_(m,-) + ui(aj, at_i), if mf = m;
% I Q%.(mj), otherwise
attraction update
(
a € [0,1] Memory-loss
S € [0,00) Choice intensity
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Results
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Results - Preview

» Lemma 1: Tractable continuous-time approximation

v

Lemma 2: Alternative formula

» Proposition 1: Deterministic actions given message are fixed
points. If & = 0, those are stable if and only if they are CE.

» Proposition 2: All fixed points are Quantal Correlated
Equilibrium (Cerny et al., 2022)
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Continuous-time equivalent

The continuous-time evolution is defined via the expected
infinitesimal increment:

Q% (my) = %E[Q;,(mi) |7 =
QS () — @3 (m) | FY

6—07t 0
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Continuous-time

Lemma 1
The correlated Hedge algorithm has the following continuous-time
equivalent:

Q% (my) = n(m)[uf (ailm;) — QL (m)] (2)

X5,(mi) = B (mi) | Q5 (mi) = > QE(mi)x(mi)|  (3)

a'eA;
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Alternative

Lemma 2
The continuous-time correlated hedge can be alternatively
described by the formula:

L (mj) = BxL(miyn(mi) | uf(ailmi) = Xy (mi)uj (ailm;) | —

a;EA,‘

axt, (mi)n(mi) [In(x (mi)) = > X (mi) In(x (mi)

a;EA,'
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Interpretation

Observation 1 (Reinforcement Condition)

The first expression in brackets is positive < Action a;’s average
utility is higher than the utility of playing the mixed action Xat,--

Bt (mi)n(m;) | uf(ailmi) = Y xb (mj)uf(af|m;)

aleA;

Furthermore, 3 only influences the system through the
reinforcement condition.
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Fixed-point Definition

Definition
A fixed point x* = (x3.(m;))acA;,meMm;,ien is stable if for every

€ >0, thereis a é > 0 such that Vt >0

IO = x| <= fIx — x| < ¢
where x* = (X;i(mi))aieAi,miEMi,fGN'

Definition
A stable fixed point x* = (x;.(M;))acA,meM;icn is
asymptotically stable if there is a § > 0 such that

X0 = x*|| <6 = lim x' = x*.
t—00
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Fixed-points and Stability

Proposition 1
Correlated hedge on 2 x 2 game with 2 messages.
» Pure strategy |message profile is a fixed point

» If full-memory, o = 0: pure strategy|message profile is stable
& correlated equilibrium.

1 M| x|A|
(Xai(m"))miEMivaieAiv"EN € {07 1}
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QCE

Proposition 2

Correlated hedge on a 2 x 2 game with 2 messages. Then, all fixed
points are equivalent to a Per-signal Quantal Correlated
Equilibrium (S-QCE).

Per-signal Quantal Correlated Equilibrium (S-QCE): Signaling
scheme 1 € A(M) and mixed action (xa,(m;))a;,m;,i if there is a
positive and increasing function g;(-):

qi(ui(ailm;))
aleA; qi(ui(aﬂmi))

Xai(mi) = Z
We prove for g;(z) = exp(gz).
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Simulations
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Game
N={1,2}

Mateus Hiro Nagata & Francesco Giordano

a2 | by

a1 | 6.6 2.7
by | 7,2 1 0,0
n’la2 mb2

T T

ma, ? 3
IT)b1 3 0
m‘32 mb2

I T

ma, ? z
mp, z 0
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Simulation

For each combination («, §) :
> Hawk-dove game
> Set initial values: Q. (m;) =0, so x} (m;) = V{il; fixed n
» Obedient CE: (xa,(ma,), xp,(mp,;)) = (1,1),i = 1,22
» Episode length T = 500, last-iterate check if
(X (m;))a;miica;xm;xn is the obedient CE, NE or else
(99.5% thershold)

» 100 simulations for each parameter combination

*Pure NE: 1) (Xal(mal)7xbl(mb1)) = (170)7 (X32(m82)7xb2(mb2)) = (07 1)! 2)
(Xal(mal)’xbl(mbl)) = (07 1)7 (Xaz(maz)vxb2(mb2)) = (170)
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Correlated/Nash Equilibrium Percentage ( [v.7])
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Figure: Convergence to Obedience (left) to Obedience or Nash (right). Grid Heatmap:
a€0,1],8 €[0,1]
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Sim 1 (1)
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Figure: Convergence to Obedience (left) to Obedience or Nash (right). Grid Heatmap:
a€0,1],8 €[0,1]
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Robust Information Design

Price of Learning

Theoretically Optimal Welfare - Welfare Induced by 7

Pol,, =
o%n Theoretically Optimal Welfare
(4)

> SW =370 m s n(m)xg,(mi)x;_ (m_i)ui(aj, a—;)

SW,, =9.3,SW,y =9,SW* =10.5

» Everything is learnt in this framework: Payoffs, opponent'’s
behavior, correlation. Cason and Sharma (2007): CE may not
be achieved because of epistemological reasons.

v

» Robust Information Design
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Correlated/Nash Equilibrium Percentage ( [v.6]) o
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Correlated/Nash Equilibrium Percentage ( [v.8]) o
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Conclusion
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Conclusion

» Algorithm with Messages

» Fixed-point analysis, simulations
» Robust Information Design

> «/f ratio
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Proposition 2

Lemma 1

Now, evaluating the expected value:

E[1(m* = mi)ui(a;,a?)]

—i

= U(m;)E[u,-(a,-, atj‘;) | m’.t+5 = ml-]

=n(m) Y n(m_i | m) Y ui(ai,a i)x¢(m-;)

a—i

= n(mi)uf*(a; | m;)
Therefore,
 E[Q(mi) — Q4 (m)) | F'
lim ! !
5—0+ 1)
= lim n(m;) [E[ui(a;, atto) | mtto = m;, Ff] - Qs (mj)]
§—0+ !

= n(m;) [uf (a; | mi) — a Q% (m;)]
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Q-value Dynamics
The average Q-value update for a small step size § > 0 is:

E[Q5 (m:) — Q. (mi) | F]

5 =E[1(m! ™ = m;)(ui(a;, a™°) — aQ} (mi))]

1

Time derivative of the softmax policy:

oy & _95QL(m)
T dt Y, exp(BQY (m)))

Q3 (m) ep(5Q4 (m) X exp(5Qy (m)
(5, (5% ()’
exp(5QL (m1)) S,y 5% (m) exp(5Q% (m)
(S e0(5Q, (m))
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Propum‘ﬂon 2

Which results in

54 (m) = Bk (m) | Qs m) = 3 QY (mi)x (m)

a'€A;
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Lemma 1

Proposition 1
Proposition 2

Lemma 2
We can rewrite the mixed action as

In(x; (mi)) = BQ%(mi) —In Z 9 (m

al€A;

Rearranging

Q;,(m;) = % In (x5, (mi)) + % In Z P m

a;EA,'
Thus, arriving at:

) = G (myatoms) | (ailm) = 3 o, (m)uf aifmi) | =

ai€A;

o, (mi)n(m) |In(, (mi) = > X (m;) In(x, (m;))

aleA;
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Lemma 1
Lemma 2

Proposition 2

Proposition 1

Suppose xj.(m;) = 0, then

x5.(m;) = 0In(0).

Suppose x;.(m;) = 1, then

x5 (mi) = Bn(m;) [uf (ai | mi) — uf(ai | m;)]—an(m;)[In(1) — In(1)] = 0.

Mateus Hiro Nagata & Francesco Giordano September 1, 2025 11 /21



Lemma 1

Lemma 2

Proposition 2

Proposition 1

Lyapunov Linearization Theorem which states that if all
eigenvalues of the Jacobian have strictly negative parts, then it is
asymptotically stable (Hirsch et al., 2013).
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Lemma 1

Lemma 2

Proposition 2

Proposition 1

And since we are in 2 x 2 game, we could write the continuous-time
equivalent as

x5 (mi) = Bx5,(miyn(mi)(1 — x5, (mi)) [uf (ailmi) — uf (a}lm;)] —

axg, (mi)n(mi)(L = x§,(m;)) ['” (X(m)> ]

1-— xaf(_(m,-)

and the average utility of playing a; given m; as

uf(ajlm;) = n(m_i|m;)[ui(aj, a—i)x;_(m-;) + ui(ai,a_; )(1 = x;_ (m-i))]+
n(m”;|mi)[ui(ai, a—i)(1 — x5 (m2;)) + ui(ai, al;)x (m2)))]-

—i

Mateus Hiro Nagata & Francesco Giordano September 1, 2025 13 /21



Lemma 1

Lemma 2

Proposition 2

Proposition 1

The Jacobian is defined as follows:

[ Ox%.(m;) x5 (mj) x5 (mj) x5 (m;) T
By (17) axy(ml)  Dxa(m;) Bxy ()
ost(m))  OX(m)  os(m)  OX(m))
o (717) Dy (m)  Oxa (M) Oy (m)
)= Loz (m) ot (mop) 0% (m_) O (my)
0xa;(m;) Ox, (m?) Oxa_,(m_;) Oxy (m_})
0%, (ml) 0%, (ml) 0%, (ml) 0%, (m)
Bxa, (1) 8Xa;(m,f) B () Oxy :(mg,.)
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Lemma 1

Lemma 2

Proposition 2

Proposition 1

8)’(5{(”},‘) 0 8X§’(m,) 8x§l(m,) T
Oxa;(mj) Ixa_,(m_)  Oxy (M)
0 8x::(m:) dx::(mf) 8x§:(mf)
Ox, (m?) Oxa_,(m_;) 9Oxy (m_})
JOV= o my om0k (moy)
0, (m;) Ox,(m!) Oxa_;(m_;) 0
st (m_) 0k, (m')) oxt, (m')
0xa;(m;) Ox, (m?) 0 Oxy (m’;)
L i —i d

Mateus Hiro Nagata & Francesco Giordano September 1, 2025 15 /21



Lemma 1

Lemma 2

Proposition 2

Proposition 1

[0x5,(m;) i
B (1) 0 0 0
ak:{(mf)
0 8xa§(m§) 0 0

oxt, (m.;)

—i

Bxa/i(m’_i)
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Lemma 1

Lemma 2

Proposition 2

Proposition 1

We are supposing a = 0. Then the self-interaction terms are:

a5t (m;)
> iy = An(mi)(1 = 2, (mi)) i (ailmi) — uf(a|mi)]

8><,(m)
> Tty = F0mi)(1 = 2 (mi))[ui (3| m7) — uf(ai]m7)]

b e n(mo) (12 (o))t (aim_)—ut (@ |m_)]

> oty = Bl )(1=2x5, (! ))ut (3 m’ ) —ut (a|m )]
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Lemma 1

Lemma 2

Proposition 2

Proposition 1

Correlated equilibrium: Vi € N,Va;, a§ € A;,Vm; € M;:

n(mi)xg, (mi)[ui (a; | mi) — uf(a} | m;)] > 0.
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Lemma 1
Lemma 2

Proposition 1

Proposition 2

The fixed-point condition in Lemma 2 can be expressed as:

B | uf(ailmi) = > xG(mi)uf(aflm) | = a |In(xg(mi) = > xg(m;) In(x}, (m

a’{EA,' al{ €A/

Since we restrict our attention to 2 x 2 games, we have that
B 11— & (m) it (aslmy) — (1=t (mi))uf(@f1mn)] = [(1 = x&, (m) In(x (.

6 [uf(ailms) — uf(aflmi)] = o In(xt (m7)) = In(x4, (m)))]
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Lemma 1
Lemma 2

Proposition 1

by the properties of logarithm, we have

* [uf(aiim) — ui(afim)] = ['" (iiii)] |

Since 1 — x5.(m;) = x£,(m;), it follows that

g [ui (ailmy) — uj (ai|m;)] = ['” <1j§(ml)>]

xt.(m;)

(Xt(m)> _ o2 [uttarlm) et om)]

1-— xatl_(m,-)

(xt (mi)) = e HeAm)-ei(EHmI) (1t (m)

i
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(¢ (i) (1 + e lufGaim) =i @limy _ o luf(aim)—ulim)

e% [uf(ailmi)—uf (a}|m)]

x5, (mi) =

14 enluf(ailm)—ut(alim)]

Multiplying the right-hand-side numerator and denominator by the
same factor, we have

2 ut(ailm)]
QR Em)] o5 [ufailm)]”

xt.(m;)

which is the formula for S-QCE when g;(z) = exp(gz).
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